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Abstract 

Given a Sasaki manifold S, we prove the Sasaki-Ricci flow converges exponentially 
fast to a Sasaki-Einstein metric if one exists, provided the automorphism group of the 
transverse holomorphic structure is trivial. 



^ 1 Introduction 

The geometry of Sasaki manifolds has recently garnered a great deal of interest due to its 
role in the AdS/CFT correspondence of theoretical physics. Moreover, Sasakian geometry 
can be viewed as both a specialization and generalization of Kahler geometry, and so is of 
independent interest. In particular, it is an important problem to determine necessary and 
sufficient conditions for the existence of Sasaki-Einstein metrics. In Kahler geometry, a great 
deal of progress has been made towards establishing necessary and sufficient conditions for 
the existence of both Kahler-Einstein and constant scalar curvature Kahler metrics, though 
a complete solution is as of yet unavailable. It was conjectured by Yau [25] that the existence 
of canonical Kahler metrics is equivalent to some GIT notion of stability, in analog with 
the known correspondence between slope stability and the existence of Hermitian-Einstein 
metrics on holomorphic vector bundls [6], [24]. Since any Kahler manifold gives rise to a 
Sasaki manifold, one expects that the solution of the Sasaki-Einstein problem should be 
^ ■ intimately related to stability in some appropriately generalized GIT sense. 

One approach to the Kahler-Einstein problem which has seen some success in generating 
sufficient conditions for the existence is the Kahler- Ricci flow (see e.g. [12], [13]). However, 
it is still unknown how these conditions for convergence of the flow, such as a positive lower 
bound for the smallest eigenvalue of the Laplacian and the vanishing of the Futaki invariant, 
relate to other forms of stability, such as Chow-Mumford stability, K-stability [20], [7], uniform 
K-stability [19], slope- stability [15], and b-stability [8]. An unpublished result of Perelman 
claims that, when a Kahler-Einstein metric exists, the Kahler- Ricci flow will converge to it 
[22], and so the existence problem for Kahler-Einstein metrics is equivalent to establishing 
necessary and sufficient conditions under which the Ricci flow converges. There has been some 
success using algebraic notions of stability to obtain convergence of the flow, though usually in 
conjunction with some assumption on the boundedness of the Riemann tensor along the flow 
[23]. A flow approach to the Sasaki-Einstein problem was recently introduced by Smoczyk, 
Wang, and Zhang in the paper [17], in which they generalized the results of Cao [2]. The deep 
estimates of Perelman for the Kahler-Ricci flow [16] were generalized to the Sasaki setting in 
[4] and then used to prove a uniform Sobolev inequality along the Sasaki-Ricci flow in [5], 
generalizing results of [26], [27]. In [3] necessary and sufficient conditions for the convergence 
of the Sasaki-Ricci flow were developed in the spirit of Phong, Song, Sturm and Weinkove 
[13], in addition to Zhang [29], focusing on the dimension of the space of the holomorphic 
global sections of a certain sheaf £. In this paper we apply these developments to extend the 
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theorem of Perelman to the Sasaki- Ricci flow. Let Aut°(S) denote the identity component 
of the automorphism group of the transverse holomorphic structure of (S, £, rj, go). We then 
prove the following theorem: 

Theorem 1.1. If (S,C,,rj, g ) admits a Sasaki- Einstein metric gsE and Aut°(S) = {e}, then 
the Sasaki-Ricci flow converges exponentially fast to a Sasaki- Einstein metric. 

Our development follows the ideas of [12] closely. We utilize an inequality of Moser- 
Trudinger type, proved in the Sasaki case by Zhang [28] and in the Kahler Einstein case by 
Tian [20], and subsequently improved by Tian and Zhu [21], and Phong, Song, Sturm and 
Weinkove [14]. For fixed contact form rj on S, consider the following functionals defined on 
all basic potentials 0: 



where 4> t is any path with O = c and 0i = and h is the transverse Ricci-potential associated 
to rj. We need the following inequality: 

Theorem 1.2 ([28], Theorem 6.1). If (S,C,,i], go) admits a Sasaki-Einstein metric gsE and 
Aut°(S) = 0, then there exists positive constants A,B such that following inequality holds for 
all potentials: 



With this inequality in hand, and the uniform Sobolev inequality in [5], an application 
of the results of [3] allow us to obtain exponential convergence of the Sasaki-Ricci flow to a 
Sasaki-Einstein metric. The outline of this paper is as follows. In the Section 2 we introduce 
some of the basic objects in our development, including the Sasaki-Ricci flow. Then, in 
Section 3, we complete the proof of Theorem 1.1 using Theorem 1.2 and parabolic estimates 
along the flow. 
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2 Preliminaries 

We assume that the reader is familiar with the basic aspects of Sasaki geometry; for a good 
introduction, we refer to [1], [18]. Let {S,go) be a Sasaki manifold of dimension m = 2n + 1 
with Reeb vector field £ and contact 1-form rj. Let be the line subbundle of TS generated 
by £ and let D denote the contact subbundle D := keir] = C TS. Recall that the basic 
functions are those functions which are invariant under the flow generated by the Reeb field. 




F m {4>)>AJ m {<t>)-B. 
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The set of Sasaki metrics compatible with the Sasaki structure on S is parametrized by the 
space of basic potentials: 

P(S, i]) = {(f) e (S)\ t]^ :=i] + d c B (t) is a contact 1 form}. 

Here d B = Ob + <9b is the basic de Rham differential. From now on, we shall assume that 
the basic first Chern class cf (S) > and that Ci(D) = 0, so that there is no obstruction to 
assuming that ndrj E cf(S) for some constant k [10]. If g T is the transverse metric on D, 
then we say g T is transverse Einstein if it satisfies Ric T = ng T . It is not hard to check that 
given a transverse Einstein metric g , the corresponding metric g on S is Sasaki-Einstein if 
and only if k — 2n + 2. Therefore, for the rest of the paper, we assume the normalization 
constant k is equal to 2n + 2. The normalized Sasaki- Ricci flow is defined by: 

g(t) T = Kg T {t)-Ric T {t). 

Long time existence of the Sasaki- Ricci flow in the canonical case was established in [17]. 
Since the Sasaki-Ricci flow preserves the transverse Kahler class, we can write this flow as a 
transverse parabolic Monge-Ampere equation on the potentials: 

= logdet((<7o)i; + ^) " logdet((( 7o )?) + - h(0). (2.1) 

Here h(0) is the transverse Ricci potential of 770, defined by 

% — 

Ricl - ngl = -d B d B h(0), 

which we always normalize so that J s e h( - ^dfi = 1. Such a potential exists by the transverse 
dd- lemma in [9], and is a basic function. Let h(t) be the evolving transverse Ricci potential, 
then we have: 

d 3 d k(t> = 9% = -R%j + wlj = djd- k h(t). 

From this equation we see evolves by <j>(t) = h(t) + c(t), for c(t) depending only on time. 
We can use the function c(t) to adjust the initial value 0(0). We shall always assume that : 

0(O) = Co := / e -*||V0||| 2 ^ + l / h(0)dfi . (2.2) 
Jo v Js 

The constant c plays an important role in proving convergence of the flow, and is discussed 
in [3]. The transverse Ricci potential h(t) evolves by: 

h = Ah + h + a(t), 

for some basic function a(t) depending only on t, which we fix by requiring J e~ h dfi^ = V. 
Under these assumptions, we have the following theorem, which was first proven in [4]: 

Theorem 2.1. Let g T {t) be a solution to the Sasaki-Ricci flow on S. Let h(t) e C B C '{S) be 
the evolving transverse Ricci potential. Then there exists a uniform constant C , depending 
only on g(0), so that 

\R T (g(t))\ + \h(t)\ CHm <C. 
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Here R T is the transverse scalar curvature of g T . We also have the following uniform 
Sobolev inequality along the flow, as proven in [5]; 

Theorem 2.2. Let g T (t) be a solution to the Sasaki-Ricci flow on S, and let S have real 
dimension m = 2n + 1 . Then for every v G W l /(S), we have: 

m-2 

^v^dfi^j m <C J{\W\ 2 + v 2 )d^ 

where C only depends on g T (0) and m. 

Here we note the importance of Theorem 2.2 is that both integrals are with respect to the 
evolving volume form. We now cite the following proposition from [3]: 

Proposition 2.1. Let (S, £, 770, <7o) be a compact Sasaki manifold with K[\dr]^B = cf(S) 
for any constant k. Consider the Sasaki-Ricci flow defined by (2.1), with 0(0) = Cq. Then we 
have the a priori estimates 

sup \\<P\\c° < A < 00 -<=>- sup ||0||c* < A k < 00 V/c G N 

t>o t>o 

In particular, establishing a C° bound suffices to obtain convergence along a subsequence of 
the Sasaki-Ricci flow. Once convergence along a subsequence is established, one can argue as 
in the proof of Lemma 9.4 from [3] to obtain convergence of the whole sequence to a Sasaki- 
Einstein metric. Our goal then, is to prove that the Moser-Trudinger inequality implies a 
uniform C° bound for the potential along the Sasaki-Ricci flow. 



2.1 Transverse foliate vector fields on Sasaki manifolds 

In the Kahler theory, the presence of global holomorphic vector fields plays a critical role in 
the existence theory for canonical Kahler metrics. In the Sasaki setting, we are lead to study 
the following sheaf: 

Definition 2.1. On an open subset U C S, let 5(C/) be the Lie algebra of smooth vector 
fields on U and let M^{U) be the normalizer of the Reeb field in 5(C/), 

Afs(U) = {XeZ(U):[X,$eLs}. 

We define a sheaf S on S by 

£{U) := N^U)IL V 

The sheaf £ will be referred to as the sheaf of transverse foliate vector fields. 

The sheaf £ inherits a holomorphic structure from the transverse complex structure, and 
has a well-defined d operator, as discussed in [3]. The global holomorphic sections of this sheaf 
are related to the holomorphic, Hamiltonian vector fields on S (see [10]), by the following 
proposition: 
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Proposition 2.2 (Proposition 5.3 from [3]). We define the space if°(£ 1,0 ) ; which we refer to 
as the space global holomorphic sections of the sheaf of transverse foliate vector fields, by 



• iJ°(£ 1,0 ) has the structure of a finite dimensional Lie algebra over C. 

• H G {£ 1,Q ) is isomorphic as a Lie algebra to the Lie algebra of holomorphic, Hamiltonian 
vectorfields on S. 

• The space H°(S 1,0 ) depends only on the complex structure J on the cone, and the Reeb 
field!;, and the transverse holomorphic structure. In particular, dimf/°(£ 1,0 ) is invari- 
ant along the Sasaki-Ricci flow. 

When the metric ng S E £ cf (S) is Sasaki-Einstein, the Lie algebra H°(£ lfi ) is isomorphic 
to the kernel of A# + k by Theorem 5.1 in [10]. This presents a significant difficulty, as 
Ab + k is precisely the linearization of the Monge- Ampere operator at gsE, and its kernel is an 
obstruction to solving the Monge-Ampere equation using the backwards method of continuity 
[11]. Because of the fundamental role played by the method of continuity in establishing the 
Moser-Trudinger inequality, we are forced to assume that H°(£ lfi ) is empty. At the end of 
the paper we shall see how to relax this assumption. 

Finally we relate the sheaf 8 with Aut(5 l ), the automorphism group of the transverse holo- 
morphic structure. This group is defined to be biholomorphic automorphisms of the Kahler 
cone (C(S)i J) which commute with the holomorphic flow generated by £— % J(£). Let Aut(5') 
be the connected component at the identity, and consider the subgroup Stab(g S E) cAut(S') 
consisting of automorphisms which fix the Sasaki-Einstein metric g$E- Then, if we look at 
the orbit O of gsE under Aut(S') , in [11] it is shown that O has the natural topology of the 
homogenous space O =Ant(S)° /Stab(gsE)- Furthermore, they obtain: 



Thus if Aut(S') = {e}, we know H°(S 1,0 ) = 0, and the backwards Monge-Ampere equation 
admits a solution. 

2.2 Important Functionals 

Here we introduce some functionals which will be important in our development, all of which 
are defined in [11]. For notational simplicity throughout the paper we denote the volume 
form on S defined by rj as d/i — (dr]) n A rj. Given a potential 0, the volume form with respect 
to 7)0 :— 7] + dg(f) is given by d/i^ = (dr]^) n A 77. Now, consider the following functionals on 



H°(£ lfi ) := Kerds 



T gsE O^H\£^). 



P(S, V ): 
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where t is any path with O — c an d 0i — 0- Various forms of these functionals exist (for 
details see [11]), and we can use these formulations to prove: 



J v < ZTTT J v ^ J v ( 2 - 3 ) 



1 1 

-J, < — . 
n n + 1 

The time derivatives of these functionals along any path t can now be computed easily: 



dtl v (<j> t ) ■= ^ Jjn{dn- dfi^) - Jfadtdnfo, 



d t J v {(t>t) ■= ^ J 4>t{dn~ dufr). 
Thus, the time derivative of the difference is given by: 



d t (I v - J v )(<f>t) = ~ J (ptdtdfx^. 
Next, we consider the following two functionals, which differ only by the last term: 

F°(0) := J„{<f>)-± J<f>dp. (2.4) 

Here h is the transverse Ricci potential of rj. Finally we define the transverse K-energy, which 
once again is defined along any path <f> t with O = c and 0x = 0: 



3 Convergence of the Sasaki-Ricci flow 

Here we use the Moser-Trudinger inequality stated in Theorem 1.2 to show a uniform C° 
bound for the potential along the Sasaki-Ricci flow. Our first step is to establish some 
relations between the functionals defined in the previous subsection, and in particular we 
make explicit use the Sasaki-Ricci flow. 

Lemma 3.1. There exists constants C\,Ci, depending only on g , so that if = 0(t) is 
evolving along the Sasaki-Ricci flow, we have: 

i) K V0 (0) - F° (0) - I J d H = d , 

ii) |F W (0) - K m m + |F°,(0) - K V M\ < C 2 

Proof. We begin with i). Our first goal is to compute the time derivative of F® along the 
flow. Using the formula for the variation of J m from Section 2.2, we have: 



9tF°(0) = -1^0(0^. 
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On the other hand, since = A B <p + <fi, we obtain: 



1 

V 



V 



4> = d t 



d/icf, - 



V 



^B^d^. 



Computing the evolution equation for K m we have: 

d t K V0 (4>) = ~ J (j)(R T - Tin) d^ 
Combining the above equations, we obtain: 

1 



V 



<j)A B <j) d^. 



from which i) follows. To prove ii), observe that, by Theorem 2.1, <f> is uniformly bounded 
by a constant depending only on g , and so: 

K(<f>)-K rio ( ( f>)\<C(go). 

To establish the second inequality, we use the definition of F v and employ the uniform bound 
for <p again to obtain: 



\F V0 (<I>) ~ K V M\ < KM -KM) 



< C(g ) + 
<C(g ) + C'(g ), 



log — 
6 1 V 



log ( - / e'U^ 



d/i( 



where in the second line we used the Sasaki- Ricci flow equation for potentials (2.1). This 
establishes ii). □ 

Lemma 3.2. There exists a constant C so that the following estimates hold uniformly along 
the Sasaki-Ricci flow: 



Hi) 
iv) 



J (-</>) d^-C <J V0 (<f>) < ^J (f>dfio + C 
^ J <t>dii Q < ^ J \-<j>) d H - (n + l)K m {4>) + C. 



Proof. Since the Mabuchi K-energy decreases monotonically along the Sasaki-Ricci flow, the 
second inequality in Lemma 3.1 implies that F Vo (<p) < C uniformly along the flow. Rearrang- 
ing equation (2.4), combined with the upper bound for F® o (<f)) yields the right hand inequality 
in Hi). Now, by definition of the F° o we have the following equation: 



KM) 



{ l r, - J m ){(t>) + ^ Jj>dm 



(3.5) 
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Rearranging this equation, and applying the upper bound for F° o (0) yields: 

i ]{-ct>)d^-C<{I m -J m ){ct>). 

Applying estimate (2.3) establishes the left hand inequality in Hi). To establish iv), we apply 
Lemma 3.1 inequality it) and equation (2.4) to obtain: 

If n 

V/ / diM> < J V M - k vo (<p) + c< -—ir,M - K m {<t>) + c, 

v J s n-\- 1 

where the second inequality follows from (2.3). Applying the definition of the functional I Vo 
and rearranging terms yields the result. □ 

The following proposition is a corollary of the uniform Sobolev inequality given in Theorem 

2.2. 

Proposition 3.1. Along the Sasaki-Ricci flow we have the following inequality 

A f 

osc(<f>) < — / d/j, + B, 
v Js 

where A and B are constants depending only on go. 

Proof. Define the function / = max,s0 — + 1 > 1. We now apply the standard Moser 
iteration technique. Let a > and write: 

/ r +1 (^) n A?7o> / r^idrj^-drj^Adrj^Arjo 
Js Js 

* f r+ l dBfA{dr](t)) n-l Ar]o 

1 Js 

We now integrate by parts: 

-\j r +1 ddf a (d^r- 1 a = r +l d B Bf a (^r -1 a Vo 



i(a + 1) 
2 

i(a + 1) 



[ rdfAdfAidrj^Arjo 
Js 

[ 9(/f +1 ) A +1 ) A (d^y 1 A 770- 
Js 



2(f + 1) 2 
Thus, we obtain: 

l|V(/* +1 )|U 2( ^) < [ f a+1 d^. (3.6) 

OZ+ 1 Js 

Set j3 = (here m = 2n + 1 is the real dimension of S), and p = a + 2 > 2. Thus, because 
we have uniform control of the Sobolev constant along the flow [5], we obtain: 



3 <Cp I f p dp^ 
Js 
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for a constant C depending only on g . Taking p = 2 and iterating in the usual fashion we 
obtain: 

log (\\fh°°(S)) < £ l0g f^ fc) + log (U/Ul^)) =C 1+ log (||/|| L2( ^)) • 

It remains only to bound the L 2 norm of /. By the Poincare inequality in the appendix of 
[4], we have that: 

i r 1 r ( i r x 2 



V 



'S 



fe h diH<^j |V/|V d/x, + jf /e ft ^ , 



where /i = h(t) is the transverse Ricci potential. Moreover, by the uniform bounds for h 
along the Sasaki-Ricci flow from Theorem 2.1, the measures e h d/i^ and d/i^ are equivalent. 
We obtain: 



1 + i / / dm 

*j s 



where the final inequality follows by applying equation (3.6) with a — 0. Finally, since 
A So > —n, a standard argument with the Green's function of g yields: 



SUp < \- [ cfyt + C". 

s V Js 



5 1 J S 



Moreover, by Lemma 3.2 part ra) we have: 

1 A , ,s , u 

Applying the definition of /, the proposition follows. □ 

Combining Proposition 3.1 with an argument from [3], we can prove the following corollary: 

Corollary 3.1. Let (S, rjo, £, go) be a compact Sasaki manifold, with drjo e cf(S), and consider 
the Sasaki-Ricci flow with initial value given by (2.2). If there exists a constant C with 



^ / <pdfi <C <oo, (3.7) 
v Js 



sup 

*6[0,oo) v JS 

then the Sasaki-Ricci flow converges exponentially fast in C°° to a Sasaki- Einstein metric. 

Proof. Proposition 3.1 implies that osc(0) is uniformly bounded along the Sasaki-Ricci flow. 
Moreover, we have: 



Now, since ||0||c° is uniformly controlled along the Sasaki-Ricci flow by Theorem 2.1, we have 

1 

V 



0<C 1 <^ 7 I e-^dfio < C 2 , 
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which easily implies a lower bound for sup 5 0. Combined with the uniform bound for osc(0) 
we obtain we obtain a uniform bound for ||0||c°- By Proposition 2.1 we obtain uniform bounds 
for in C k (S, go). We can now apply the argument in the proof of Lemma 9.4 in [3] to obtain 
the exponential convergence of to a Sasaki-Einstein potential. □ 

We are now ready to prove our main result: 

Proof of Theorem 1.1. By assumption, the Moser-Trudinger inequality holds along the Sasaki- 
Ricci flow. Since K m (<f>) is decreasing along the flow, by Lemma 3.1 we know F Vo is bounded 
from above. It follows from Theorem 1.2, applied with the reference metric equal to 770, that 
J m is uniformly bounded from above. Thus by Lemma 3.2 inequality Hi) we have: 

/ (-0) d H < C. 
Js 

Since J vo > 0, applying the Moser-Trudinger inequality we know that F m ((p) is uniformly 
bounded below. Then again applying Lemma 3.1 we see the Mabuchi K-energy K vo (<f)) is 
uniformly bounded from below. By Lemma 3.2, part ii) we obtain: 

(pdfxo < C. 

The desired result follows from Corollary 3.1. □ 

Here we remark that our result can be easily generalized to a case where Aut(S') 7^ 0. Let 
G C §tdh(g SE ) be a closed subgroup whose centralizer in Stable) is finite. Then, following 
the proof of Theorem 2 from [14], the Moser-Trudinger inequality can be extended to all 
G-invariant potentials. Using this fact, the convergence of the Sasaki- Ricci flow as stated in 
Theorem 1.1 works for all G-invariant initial Sasaki metrics go. 
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